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Oblique derivative problem 
for non-divergence parabolic equations 
with discontinuous in time coefficients 

in a wedge 

Vladimir Kozlov* and Alexander Nazarov^ 


Abstract 

We consider an obliqne derivative problem in a wedge for non-diver¬ 
gence parabolic equations with discontinuous in t coefficients. We 
obtain weighted coercive estimates of solutions in anisotropic Sobolev 
spaces. 


1 Introduction 

Consider the parabolic differential operator 

C = dt-a^\t)D,Dj, ( 1 ) 

where x G M"', t G M and the convention regarding snmmation from 1 
to n with respect to repeated indices is adopted. Here and elsewhere Di 
denotes the operator of differentiation with respect to a:*, i = 

D = {Di,..., Dn), and A denotes differentiation with respect to t. We 

assnme that are measurable real valued functions of t satisfying 

and 

1 /= const >0. (2) 
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In [5], [6] it was shown by Krylov that for coercive estimates of dtu and 
D[Du) one needs no smoothness assumptions on coefficients with respect 
to t. The only assumption which is needed is estimate ([2]). Solvability results 
in the whole space M"" x M for equation ([1]) in Lp^q spaces were proved in [5]; 
solvability of the Dirichlet problem in the half-space M” x M in weighted 
Lp q spaces was established by Krylov [6] for particular range of weights and 
by the authors [7] for the whole range of weights. Similar estimates for the 
oblique derivative problem in a half-space are obtained in [2], see also [2]. 

This paper addresses solvability results for the boundary value problems 
to ([I]) in the wedge. Namely, let n > m > 2 and let K" be a cone in M™. 
We assume that the boundary of a; = K' fl is of class where 
is the unit sphere in R™'. We put K, = K x R"“™. We underline that the 
case m = n where K = K is not excluded. In what follows we use the 
representation x = where x' G R™ and x" G R""™. 

First, we recall the important notion of critical exponents ioi the operator 
C in the wedge /C. They were introduced in |8], where the following Dirichlet 
problem was considered: 

Cu = f in /C X R; u = 0 on d)C x R. (3) 

To define them we need the space V(Q^(fo)) of functions u with finite norm 

ll“llv(Qgqo)) = sup \\u{-,T)\\L 2 {BiinlC) + \\Du\\L 2 (Q^(to)))^ 
tG {to—R'^,to] 


where 


Br = {x: \x\ < R}; Q^{to) = {Bun K.) x {R - R'^Ro]. 


We write u G Vioc(Q§(to)) if m G V(Q^/(fo)) for all R' G (0,i?). 

The hrst critical exponent is defined as the supremum of all real A such 
that 


u{x; t)\ < C(A, k) 



sup 


U 


for {x-t) e Q^/ 2 {to) 


( 4 ) 


for a certain n G (1/2,1) independent of to, R and u. This inequality must 
be satisfied for all t^ E R > 0 and for all u G Vioc(Q§(to)) subject to 


Cu = 0 in Q^ito); 
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We denote this critical exponent by A+ = A+(/C,£). It is shown in [8] that 
dehnition of A+ does not depend on k. Since A = 0 satisfies (jl]) we conclude 
that A+ > 0. 

The second critical exponent is dehned as A“ = A“(/C,£) := A+(/C,£), 
where 

C = dt- a^^{-t)DiDj. 

Several properties of these critical exponents are established in |H1 Theo¬ 
rem 2.4], In particular, 

(i) A+ and A“ are strictly positive; 

(ii) they depend monotonically on /C. This means that if /Ci C /C 2 then 
A+(/Ci,£) > A+(/C 2 ,£) and A-(/Ci,£) > A-(/C 2 ,£); 

(iii) if a®-^ = 6ij then 


A±(/C,£) = Ai,= 


m 


+ \ At) -I- 


[m 


2y 


where Ax> is the first eigenvalue of the Dirichlet boundary value problem 
to the Beltrami-Laplacian in u] 

(iv) Let C' = dt- ET,i=i^ki{t)DkDe. Then A±(/C,£) = Xf{K,C). 

In order to formulate the main result of [8] we introduce two classes of 
anisotropic spaces. For 1 < p,q < 00 we define Lp^g = Lp^giJC x M) and 
Lp^g = Lp qiJC X R) as spaces of functions / with finite norms 

ll/llp,g:= ||ll/(■;^)llp,^||g,M = (/(/ \f{.X]t)\Pdxy'^dt^ 

R K 


and 

lll/lllp,Q := I|II/(^)-)II<7 ,r|Ip,^ ^ ( / (/ 

K R 

respectively. 


Proposition 1 ([8], Theorem 1.1). Suppose that 


IIL 1 t IL _ 

2-Al" < fi < m -1-A . 

p p 
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Then for any f such that \x'\^f G Lp q (respectively, \x'\^f G Lp^q) there is a 
solution of the boundary value problem Q satisfying the following estimates: 


\x'\^dtu\\p^q+ \\\x'\^D{Du)\\p^q+ lllx'l'" < C \\\x' f Wp^q] (5) 


\x’rdtul\p,q+\l\x'\^D{Du) 




+ b' 


0 ( 1-2 


u\ 


p,g — 


^T/llp.h 

(5) 

x’\^f\W 

(6) 


This solution is unigue in the space of functions with the finite norms in the 
left-hand side of (respectively, of IQ). 


Here we complement this result by considering the problem 


Lu = fo div (f) in /C x M; 


u 


x&dK 


= 0 , 


(7) 


where f = Denote by the Green function of problem ([3]) 

(this Green function was constructed in [8]). One of the results of this paper 
is the following. 


Theorem 1. Let 


I-</i<m — I-hA. 

p P 


( 8 ) 


(i) Suppose that |x'|^+^/o, \x'\^i G Lp^q{lC x M). Then the function 


u{x] t) = 



^Ki^:y,t,s)fo{y;s) - DyT'j({x,y;t,s) ■ i{y,s))dyds (9) 


■^v 


-oo K. 


gives a weak solution to problem o and satisfies the estimate 

lllkT7^«lllp,g + lllkT"^«lllp,q < C'dllkT'^Volllp.g + ||||a;'|''f|||p,q). 


(ii) Suppose that \x'\^i G Lpq{K, x M). Then the function 

a weak solution to problem o and satisfies the estimate 

\\W\^Du\\p^q + \\\x'\^~^u\\p^q < G(|||a;'|^+Vo||p,g + \\\x'\^{\\p,q). 

Let us turn to the oblique derivative problem in /C 

Lu = f in /C X M; Diu = 0 on {dK \0) x x R 


(10) 

gives 

(11) 

( 12 ) 
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We assume additionally that the cone K is strictly Lipschitz, i.e. 

K = {x' = {xi,x) : Xi > (j){x), X e (13) 

where 0 is a Lipschitz function, i.e. 

\(j){x) — < A\x — y\ for all h, ^ G (14) 

The main result of this paper is the following. 

Theorem 2. Let 1 < p,q < oo and let fi he subject to 

Tfl 771 

- — + (1 - A+)+</r < m - — - (1 - A;:)+ (15) 

{here a+ = max{a, 0}). 

(i) If \x'\^f G Lpq{1C X M) then solution to problem flT^ defined by fl30|l . 
(BUI, satisfies 

\i\xrdM\p,,+i\\x'rD{Du)i\p,, < c iiiixr/iiu. (le) 

(ii) If \x'fif G Lpq{1C X R) then solution to problem flT^ defined by fl30|l . 
ea, satisfies 


\\\x'fidtu\\p^q+\\\x'fiD{Du)\\p^q<C \\\x'fif\\p^q. (17) 

The constant C depends only on i/, p, p, q and fC. 

Remark 1. Since A^ and Xf are positive, the intervals for p, m (0) and flTHll 
are non-empty even for m = 2. 

We use an approach based on the study of the Green functions. In Section 
[2] we collect (partially known) results on the estimate of the Green function 
for equation ([1]) in the whole space and in the wedge subject to the Dirichlet 
boundary condition. In particular in Sect. 12.21 we prove Theorem [TJ 

Section [3] is devoted to the estimates of the Green function for the oblique 
derivative problem and to the proof of Theorem [2j 

Let us recall some notation. In what follows we denote by the same letter 
the kernel and the corresponding integral operator, i.e. 

t 

{Th){x]t)= / T{x,y,t,s)h{y,s)dyds. 

-oo R" 
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Here we expand functions T and h by zero to whole space-time if necessary. 
For X E IC, d{x) is the distance from x to dIC, and r^. = We set 




X,t 



x' 


x' 

-|- Vi 


n 


y,t 


\y'\ 

\y'\ + Vi 


We use the letter C to denote various positive constants. To indicate that C 
depends on some parameter a, we sometimes write C{a). 


2 Preliminary results 


2.1 The estimates in the whole space 

Denote by F the Green function of the operator C in the whole space: 


T{x,y]t, s) = 


det (/,*H(r)dr) 
(47r)t 


exp — 


{jlA{T)dT) \x-y),{x-y) 


for f > s and 0 otherwise. Here A{t) is the matrix above 

representation implies, in particular, the following estimates. 


Proposition 2. Let a and (3 he two arbitrary multi-indices. Then 


\DtDlT(x, w,t,s)\<C(t- exp 


\D'^Dl^dsT{x,y]t,s)\<C {t-s) exp 


a\x — j/p 
t — s 

Vx-y\'^ 

t — s 


(18) 


(19) 


for x,y E ML and s < t. Here a depends only on the ellipticity constant v 
and C may depend on v, a and (3. 


The following statement is a particular case of a general result on bound¬ 
edness of singular operators in Lebesgue spaces with Muckenhoupt weights. 
For p = q ii can be extracted from j4]. However, we could not hnd corre¬ 
sponding result for anisotropic spaces and give here a direct proof. 


Theorem 3. Let 1 < p, g < oo, and let 


m m 

-</i<m-. 

p p 


( 20 ) 
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Then the integral operator with the kernel ^■^^DxDxT{x,y,t, s) is bounded in 
Lp^q{W^ X M) and Lp^g(R” x M) spaces. 

Proof. For /x = 0 this statement is proved in |6] (for the space Fp g) and in 
[7] (for the space Lp^q). Thus, it is sufficient to prove boundedness of the 
operator with kernel 


( I I ^ ^ 

- ljD^D^T{x,y,t,s). 


Iv 

Using (IT^ . (IT^ and elementary estimates we obtain 


\G{x,y;t,s)\ < C 


X 


V \y'\ / 


(t-s) 


M 
\y'\ 

1 ^+^ exp 


\dsG{x,y;t,s)\ < C 


\x' 


i-'-i-dS}) 


(t-s) 


\y'\ 

exp 


a\x — 

’ 2(f - s) 

a\x — j/p 
2(t - s) 


for x, ?/ G M” and s < t. Here r = min{|/i|, 1} and 


( 21 ) 

( 22 ) 


$(f) = 


(tf^ + t, 

1 , 

+ 1 , 


/i > 1; 

0 < /i < 1; 
-1 < /r < 0; 
y < — 1 . 


Due to fl^ and fl20D . the kernels G satisfy the conditions of Proposition 0] 
(see Appendix) with Ai = —r, A 2 = 0, ei = £2 = 0. Thus, the operator G is 
bounded in Lp(M”'xM) and Lp^oo(I^”'xI^)- Generalized Riesz-Thorin theorem, 
see, e.g., [mi .18.7], shows that this operator is bounded in Tp^g(R^ x R) for 
any q > p. 

For q < p the same argument provides boundedness of the operator G* 
in Lp/(R"' X R) and Lp/^ooO^^ x IP) spaces, and thus in Lp'^g'(R” x R). Now 
duality argument gives the statement of Theorem for the spaces Lp^q. 

To deal with the scale Tp,q, we take a function h supported in the layer 
|s — s°| < h such that J h{y; s) ds = 0. Then 

t 

{Gh){x; ^) = j j 1/; s) - G{x, y] t, s°) j h{y; s) dyds. 

-00 R" 
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For |s — s°| <6 and t — > 26, estimate fl2^ implies 


S 



/ 



Thus, our kernel satisfies the assumptions of Proposition [5] (see Appendix) 
with X = 1, Ai = —r, A 2 = 0, £1 = £2 = 0. This gives 



\t—s^\>25 


where C does not depend on 6 and s°. 

The last estimate is equivalent to the second condition in [H Theorem 3.8] 
while the boundedness of Q in Lp(M” x R) gives the first condition in this 
theorem. Therefore, Theorem 3.8 pQ ensures that Q is bounded in Lp ,j(R"' x 
R) for any 1 < g < p < 00 . For q > p this statement follows by duality 
arguments. □ 

2.2 Coercive estimates for weak solutions to the Dirich- 
let problem in the wedge 

We recall that F^ stands for the Green function of the operator C in the 
wedge /C under the Dirichlet boundary condition, and A^ > 0 are the critical 
exponents for £ in /C. 

The next statement is proved in [HI Theorem 3.10] for \a'\, |/9'| < 2. In 
general case the proof runs almost without changes. 

Proposition 3. Let < A+ and X~ < X~. Forx,y E JC,t> s the following 
estimates are valid: 


D‘D^^r^(x,y,t,s)\<C 


jpX+ — \a'\ jpX —l/3'l 

' f— c -f- — c 


'x^t—s '^y,t—s 


(\a'\-2+e)+ (|/3'|-2+£)+ 

• X • y 



(23) 
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(24) 


^A+ —la'I jp\ —1/3'|—2 


n+|n| + |g|+2 

x{t — s) 2 exp 


(|a'|-2+e)4 

> X 

a\x — I/p 
t — s 


JP'\+^ 

'y 


where a is a positive constant depending on v, e is an arbitrary small positive 
number and C may depend on n, , a, [3 and e. 

Now we turn to problem ([7]) and to the proof of Theorem [1] 

Proof of Theorem [H First, function ([9]) obviously solves problem ([7]) 
in the sence of distributions. Thus, it is sufficient to prove estimates ffTOj) 
and flTT]) . Put 

To{x, y-1, s) = y; t, s); Tiix, y; t, s) = -^-^DyT'^{x, y; t, s); 

I I ^ I I ^ 

T 2 {x,y;t,s) = Tz{x,y]t,s) = ^^D^DyT'^{x,y]t, s). 

We choose 0 < A"*" < A+ and 0 < A“ < A“ such that 

2- < fi < m -hA . (25) 

p p 


(i) By Proposition 131 the kernels To and 71 satisfy the conditions of Propo¬ 
sition m with = £2 = 0 and 

with r = 2, Ai = A"*" — 2, A 2 = A“ and p replaced hj p, + 1 for the kernel To; 
with r = 1, Ai = A"*" — 1, A 2 = A“ — 1 for the kernel Ti, respectively. 

Similarly to the hrst part of the proof of Theorem [3l using Proposition 
01 and generalized Riesz-Thorin theorem, we conclude that the operators To 
and Ti are bounded in Lpq(M” x M) for 1 < p < q < 00 . For q < p we 
proceed by duality argument and arrive at 

lllkT"^«lllp,9 < C'dllkT'^Volllp.q + lll|3^Tf|||p,g)- (26) 

for all 1 < p, g < 00 and p subject to (jH]). 

To estimate the hrst term in the left-hand side of flTOl) we use local esti¬ 
mates. For G p > 0 and'd > 1, we dehne 

np,^(^") = |x e r ; ^ < \x'\ < p, \x" - ^"1 < p|. 
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Localization of the estimate from [9l Theorem 1 (i)] with /x = 0 (by using a 
cut-off function, which is equal to 1 on lip 2 and 0 outside n 2 p, 8 ) gives 

j j \Du\'^ dty dx < C j (^y'(|M|V^ + p1/o|‘' + 
np.2(«) R n2p.8(«) R 

for any G and p > 0. 

Using a proper partition of unity in /C, we arrive at 


/c 


\Du\^d1^^ \x'\^^Pdx<c(^ J (^J 


This immediately implies flTU]) with regard of fl26p . 

(ii) To deal with the space Tp g, we need the following lemma (compare 
with the second part of the proof of Theorem [3]) 

Lemma 1. Let a function h be supported in the layer |s —s°| <5 and satisfy 
J h{y, s) ds = 0. Also let p G (1, cxo) and p be subject to Then the 

operators Tj, j = 0,1, 2, 3, satisfy 


j ll(71fc)(';«)ll,*<C||fc|U 

|t—>2(5 

where C does not depend on 6 and s°. 

Proof. By J h{y; s) ds = 0, we have 

t 

{Tjh){x-, ^) = j J 2/; s) - 'T'jix, y; t, s°) j h{y; s) dyds (27) 

—00 

(we recall that all functions are assumed to be extended by zero outside /C). 
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We choose 0 < A+ < A+ and 0 < A < A^ such that fl2^ holds. Then, 
for |s — s°| <6 and t — s° > 2 d, estimate fl2T|) implies 

S 

p;t,s) - Tj(x,'Hit, s°)l < j \drTj(x,y,t,T)\dT 

(t - i - S V t-s J 

with the following parameters (here e > 0 is arbitrary small): 


Kernel 

r 

ii 

0 

4 

h 

^5 

To 

2 

A+ 

A- 

fi — 1 

yU + 1 

8 

T 

1 

A+ 

1 

1 

P — 1 

P 

1 + ^ 

T2 

1 

A+-1 

A- 


P- + 1 

8 

T 

0 

A+-1 

1 

1 



1 + £ 


On the other hand, estimate (1231) leads to 


1 2 ;'Ks 

\Tj{x,y,t,s) - Tj{x,y,t,s^) \ < C- - "" + 2 -r, ,, exp 

(t - s)^~\y'\^* 

with the same parameters. 

Combination of these estimates gives 


/ (T\x-y\'^ \ 


Tiix, v, t, s) - TAX, y,t,s )\< exp 




Thus, the kernels in (HT} satisfy the assumptions of Proposition [5] with k = e, 
£1 = 0 and 

with Ai = A"*" — 2, A 2 = A“ — 2e, 82 = and fi replaced by /r + 1 for 
kernels To and T 2 ', 

with Ai = A+ — 1, A 2 = A“ — 1 — 2e, 82 = ^(1 + 8 ) for kernels 71 and Ta, 
respectively. 

Inequality (|25ll becomes (IHnjl . and the Lemma follows. □ 
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We continue the proof of the second statement of Theorem [H Estimate 
ffTU]) ioY q = p provides boundedness of the operators TJ, j = 0,1, 2, 3, in 
Lp(M” X M), which gives the hrst condition in [H Theorem 3.8]. Lemma [T] 
is equivalent to the second condition in this theorem. Therefore, Theorem 
3.8 [1] ensures that these operators are bounded in Lp^g(W^ x M) for any 
1 < g < p < oo. For q > p this statement follows by duality arguments. This 
implies estimate fllip . The proof is complete. 


3 Oblique derivative problem 


3.1 The Green function 


From here on we use the notation x' = (xi,!;) and assume that the cone K 
is strictly Lipschitz, i.e. (IT^ and ([TTD are satisfied. 

Theorem 4. There exists a Green function T^ = T^{x,y,t, s) of problem 
(HI, Moreover, if < A+ and A < A^ then the following estimates are 
valid for arbitrary x,y E IC, t > s: 


(A+ —1«'|+1)_ jpX —1/3'| —1 

\D“DM(x,y,t,s)\<C 


AI“'|-3+£)^ 


,(l/3'| —1+£)h 


(28) 


X 


(1 - 

. n+|ct| + |3| 

{t-s) 2 


exp —a 


t — s 


KD^,dX^(=^,r,t,s)\<c 


{A+ —1«'| + 1)_ —1/3'|—3 


AI«'|-3+e)^ 


d/3'l+l+e 

y 


(29) 


(1 - (lo'l-J+e)*) 

X-^-exp 


(t 


2±H+M±2 
S 2 


-a ■ 


\x — pp + \x'' — y 


n\2 


Here a is a positive number depending on u, a and /3, e is an arbitrary small 
positive number and C may depend on n, X^, A, a, {3 and e. 


Proof. Let m be a solution of problem (El)- Then the derivative Diu obvi¬ 
ously satisfies the Dirichlet problem ([Tj) with /o = 0 and f = (/, 0,... ,0). 
Therefore, 

t 


Diu = 



y, t, s)f{y, s) dyds, 


—oo /C 
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and we can write solntion to problem flT^ as 


u{x-1) = j j I/; s)f{y] s) dyds, 

—oo JC 


(30) 


where 


FKi^<y\*;S)= I D,XK(iC,i,x"),y;t,s)dC 


(31) 


XI 


Since Dx^T^{x,y;t, s) = —Dy^T^{x,y;t,s), we derive from fl23|) that 

jpX^ — \a'\ jpX —1/3'| —1 

KDyD,,Ti[(x,y;t,s)\<C^-‘ »•'- 


{\a'\-2+e)+ (|/3'|-l+£)+ 

' X I y 


, _™+H+i|]+i 

X[t — s) 2 exp 


a\x — yp 
t — s 


which gives fl28l) for ai > 1. 

To estimate derivatives with cti = 0 we write 


\D:dW(x,wXs)\< / |B;rfB„r®((C,i,a:"),!/;i,s)|dC 


XI 


<c 


7^: 


y,t-s 


,(|/3'|-1+£)+ 


[t-s) 


ra+|Q:| + |;3| 


exp —a 


y 


1^ ~ y\^ + W ~ y”?' 

t — s 


X 


\x\‘^ + C 


Xl 


X exp 


xp + (^ + (t — s) 

^IC-i/iP 


A~^~ — |CK^| ^ \ ^\2 I /-2 (|a^|—2 + £)-j- 


(C - <p{x)y 


t — s 


dC 


x/t - s' 

where we have nsed flMl) and fl2^ . Now we apply Lemma 0] (see Appendix) 
and estimate the last integral by 


C 


f x/t — S \-mm{l,(|Q'|-2+£)+} 


y|o'|-3+e)+ 


\X 


I + x/^ 


which gives (|28|1 for cki = 0 . 

Since dsT-^{x,y]t, s) can be expressed via DyT-^{x,y]t, s), the estimate 
(|2^ follows from (EH]). □ 
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3.2 Estimates for the difference — F 


The next representation of the Green function T^ follows from dST]): 

CO 

= r(a;, 2 /;f,s) + [ J^{{C,x,x''),y;t, s) dC, 


Xi 


where T is the Green function of the operator C in the whole space and 

J^{x, y] t, s) = D^^T{x, y, t, s) + Dy^T'^{x, y] t, s). 

The function verihes the Dirichlet problem 

y; t, s) = 0 in /C x M; 

J^{x,y]t, s) = DxJ^{x,y]t, s) for x E OK,. 

Solving this problem, we hnd 

t 

J^{x, y;t,s) = - j j V{x, x; t, y; r, s) dS^^dr, 

s dK. 

where 

V{x,z]t,T) = ni{z)a'\T)D^.T^{x, z;t,T). 

Thus we arrived at the following representation for the difference T^ — T: 

r^(a;,|/G,s)-r(a;,|/;f,s) (32) 

CO t 



F((C, X, x”), z] t, t)D^^T{z, y] r, s) dSJrdC- 

XI s dK 

Now we are in the position to prove the main estimate of this Section. 

Theorem 5. Let and X~ < X~. Then the following estimates are 

valid for |a| = 2 and for arbitrary x,y E K,, t > s: 

\D:D^y{T^{x,y,t,s)-T{x,y;t,s))\ 

>G+-2)- , ~|^ ^,2, 


(33) 


/ cK,t-s 

< - -^^iTiT^exp 

[t-s) 2 


a\x — 


t — s 


X 


(t-sY 


'+£ 


+ 


7^: 


(A--l)--l 

y,t-s 


{t-s) 


M+i- 

2 


_ |x'|i+" ri+3^ \y'f rl \x'\ ri+ 2 s \y'\m+i rjf' J ’ 


14 









\DZD^yd. (li(x,y-,t,s)-T(x,y-,t,s))\ 


( 34 ) 


< 


X 


cn 


(A+-2)_ 

'x,t—s 


n+4+l^l 

(t - s) 2 
{t - s) 


exp ( — 


a\x — ?/p 
t — s 


7+e 


7^: 


(A--l)--l 

y,t-s 


[t — S) 2+^1 




•f I rp\-\-‘2s 


\T\ r 


X 


\y'\m 


+3 


J/31+4 


Here a is a positive number depending on v, A and (3, e is an arbitrary small 
positive number and C may depend on v, , K, (3 and e. 

Proof. We begin with estimates for with arbitrary a. Using fl2^ 

and ffTSj) . we obtain 


\DfD^T{x,y-t,s)\<C 



s ax. 


^A+ —la'I —(|a'|—2+e)+ —1 

^ n+lal + l ^ ^ n+|/3| + l 

[t — T) 2 [T — S) 2 


X exp I - exp ( - dillh! I dSAr. 


t — T 


T — S 


Taking into account that = (0(5), 5, z”) and integrating with respect to 


^ , we arrive at 


\DfD^T{x,y-t,s)\< 


Cr 


-{\a'\-2+e)+ 


(t-s) 


n — m 
2 


7^ 


X 


X- 


A+-|a'| 

X,t — T 


/ , , ’Tt+|g| + l 

t it - T) 2 

s'' R’ 

^A--l 

: -exp 

T-s) 2 


exp I — a■ 


\x — 5p + \xi — 0(5)1" 

t — T 


a\z — y 


T — s 


'|2 


dzdr. 


(35) 


Let us estimate the expression in the last line of ([35]). If — y'l < \y'\ 
then \z'\ < 2\y'\ and therefore TZ^j-Zf < TZ'^f-Zf^'^~. In the opposite case we 
have \z' — y'p > |(|5 — + ||/'P). In any case we obtain 




K.mrexpl - 


T — S 




^".ir^expl - a 


T — S 

2 I L/|2- 


\z-y\^ + \y'\ 

T — S 


(36) 
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Next, we claim that the following inequality 

\x - zj^ + c\xi - > (1 - cls?)\x - zj^ + ||xi - 0(x)|^, (37) 

holds for positive c. Indeed, we note that 

l^i — 0(£)P < 2\xi — + 2|(/)(a;) — 0(5)P < 2\xi — 0(5)P + 2A'^\x — ip. 


which implies 


\xi — 0(i)P > -\xi — 0(i;)P — A^|x — z\ 


and leads to ([37j). 

Using (136|) and fl37|) . we estimate the integral in fl3^ by 

' cri|xi-0(x)p 


n 


m.+ \a\ + l m+\P\ + l 

(t — T) 2 [T — s) 2 


t — T 


Xi + X 2 ) dr , 


where 


Xi = exp 




X J exp 

Tllm-l 


ai\x — z 
t — T 


T — S 

2. . ^ U z\2 


(38) 


exp ( — 


- yh 


T — S 


dz. 


X 2 = exp 


/|2 


X 



T — S 

\z\ 


|i| + \/t- T 




exp 


ai\x — z\ 
t — T 


exp 




T — S 


(39) 


dz. 


Applying Lemma [5] (see Appendix) for estimating the right-hand side of 
fl35]) and fl5^ . we get 

^ ^-{\a'\-2+e)+ 
trf qII < — 

* ,A+-|a'| 


\D^D^T{x,y;t,s)\ < ^ exp f - cxi- 


(t-s)- 


t — s 


77, 


X 


X 


7f — 

[t — T) ^ 2 (r — s) ^ 2 


CTlIXi - 0(L)P 


t — T 


(40) 


T — S \2 


t — S 


exp 


'|2 


(^i\y'\ 


T — S 


+ T^y,t-T exp 


(^i\yi - 0(^)P 


T — S 


dr, 
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where ^ = (A — 1)_. 

Now we note that TZl^t-r ^ '^y,t-si make the 

following change of variables in the right-hand side of fHOj) : 


e = 


t — T dr t — s 

T-s' M ^ “(0 + 1 ) 2 ' 


This gives 




, , S n+|c«| + |;3| + l 

(f - s) 


(41) 


X exp - (72 


x-y\^ + \x" - y"\^ + \xi - (j){x)\^ + \yi - (j){y)\^ 

t — s 


X d9 exp ^ 


cTilxi -(/)(£)(0 + 1 )' ' 2 '^' 


X 


(0 + 1) 2 exp 


(t — s)9 
ai\yT9 


01+^ 


t — s 


+ exp ( - 


(^i\yi - 0 ( 0 ) 1 ^^ 


t — s 


(we take into acconnt that \yi — (f>{y)\ < C\y'\). 
Using formnla 


00 

j 9^-^ exp(-kl0 - 50-1) d9 = 2(5A-i)t ■ K«(2\/AB) 


(see, e.g., |3l 3.471.9]) and estimates of the Macdonald fnnction (|3l 8.407 
and 8.451.6]) 


K«(c)<c(K,7)r"“'+''>, 

we estimate the integral in fl4T|) by 

C 


VC, 7 > 0, 


>1 - (j){x)\ ^\yi - (j){y)\ ^ 

(\xi - (j){x)\^\ 


V t — s / 


ki - C>(£)| 'I'bi - 0(^)1 


(42) 


-7 


(t-s) 


-7 




t — S 


2x -Ml 
2 


t — s 


< c 


{t — s) ' 2 '+^ 


l/3| 


+ 




.|x'|l"l+^ri“V= \y'\^rl |+|T'r2 ly'll^l+T"rjf 
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Next, we note that 

ki - yi\^ < 3|a;i - (j){x)\‘^ + 3|0(£) - + 3\(j){y) - |/i|^ 


< 3|xi - 0(x)|^ + 3|2 /i - 0(^)1^ + 3A^|x - y\'^, 


which implies 


\x - y]"^ + |xi - 0(x)|^ + \yi - (j){y)\‘^ > 


3(1+ A2) 

For |a| = 1 we derive from (jUj), fj4^ and fj43l) that 

\D:D^^D,,{T^{x,y;t,s)-T{x,y;t,s))\ 
hA+-: 

"x,t—s 


\x'-yf. 


(43) 


< 


X 


/ a\x — y\^ 


. ^2+1,1 exp 
{t-s) 2 


{t-sy. 


n. 


t — s 

(A--l)_ 

y,t-s 


(t-s) 


l/3| 


+7 


I |l-l-£ iy>\-\-£ rf£ 


’’^y \x'y r2\y'\\^\^'^ 


Setting 7 = 1, we obtain fl3^ for ai > 1. 

To estimate derivatives for |a| = 2, ai = 0, we nse (13^ . (ITTll and (1421) 
and write 


< 


/ \DZD^^F{{(,,i,x''),y;t,s)\dC, 


Xl 


c 


{t-s) 2 


< 


X exp ( - 0-2 

C 

< — 




/ \ ^+2+|/3| 

{t-s) 2 


x-yY + \x'' - y''y + \xi - (j){x)y + \yi - (j){y)\^ 

t-s 
a\x — yY 
t-s 


Ji + J 2 ) exp 


(the last ineqnality follows from fl43|) ). where 

Ji = 


(f-s)i 

f exp j 

f ct\C-x,Y\ , 

( 

X 


\y'Yr^ J 

1 t-s ) ^ 

\ X 

Y + C + {t - s)J 


(A+-2) 


X 



X 


£ 

( t-s 

dC 

V(C- 

- y{x))^^ 

1 

to 

Vt — s 
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J2 


n. 


(A--1). 

y,t-s 


[t-s) 2 




\x\‘^ + C 


\x\^ + + (^ 


xi 


(A+-2) 



/ \x\‘^ + C ( t-s \i / a|C-Xip\ 

^((C-0(a;))O ((C-0(a;))2) ( t-. j 


dC 

Vt - S 


We set 7 = 2 and estimate these integrals by using Lemma 01 This again 
gives (03]). 

Since c?s(r^ — T) can be expressed via Dy{T^ — T), estimate fl3T|) follows 
from (03]). □ 


3.3 Coercive estimates in Lp^q and Lp^q 

Lemma 2. Let be the critical exponents and 1 < p,q < oo. Let also /i be 
subject to flT^ . Then the integral operators with kernels 


•JC 

%{x, y; t, s) = —^D^D^{r^ {x, y; t, s) - r(a;, y; t, s)) 


n/i 


are bounded in x 


Proof. First, we choose 0 < A+ < A+, 0 < A < A^ and 0 < £ < | min{i, 1 ■ 
-} such that 


TTl Tfl 

-1" (1 — + 3£<u<m -(1 — A“)+ — 2e. 

p p 

Using (ITS]) and fl2S]) with |a| = 2, |/3| = 0, we obtain 


(44) 


K 


~1)- 1^/ 


x,t—s 


\%{x,y,t,s)\ < C 

~ y\^ + W ~ y"\^ 

t — s 


y,t-s 


I /4+£ 


{t-s)^\yr 


X exp —a 


(45) 


while estimate fl33ll with |/9| = 0 gives 

ft I / 

\'-r / 4- M ^ 

\Ti{x,y;t,s)\ < 


{t - s)"f \y'\i^ 


^ ( alx —j/P 

exp ' ' ^' 


t — s 


X 


(t-s) 






+ 


- s) 


lx'I \y'\^y 
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Combination of these estimates gives 



(A+-1)_-2£_(A--1) 
x^t—s '^y,t—s 



exp ^ 


ea\x — 


y,e+3e^ 


t — S 


X y 



X y 


( 46 ) 


The summands in fH6|) satisfy the conditions of Proposition 0] 
with r = 2e^, Ai = —(1 — A+)+ — 2e{l + e), X2 = —(1 — A“)+, £1 = e:(l + Se), 
£2 = and fi replaced by /x + for the hrst summand; 
with r = e, Ai = —(1 — A+)+ — Se, A 2 = —(1 — A“)+ — e, Si = e:(l + 2e), 
62 = 2.6 and fi replaced by /i + £ for the second summand, respectively. 

Note that the relation Ai + A 2 > —m holds in both cases due to f0T|) . 

Similarly to the hrst part of the proof of Theorem [31 using Proposition 
m and generalized Riesz-Thorin theorem, we conclude that the operators 71 
are bounded in x M) for 1 < p < g < 00 . For q < p we proceed by 

duality argument. □ 

Lemma 3. Under assumptions 0 /Lemma [2] the operators 71 are bounded in 

Lp^q{W X M). 

Proof. We proceed as in the second part of the proof of Theorem [3l Let a 
function h be supported in the layer |s — s°| <6 and satisfy J h{y; s) ds = 0. 


Then 



We choose 0 < A+ < Aj", 0 < A < A_ and 0 < £ < 7 minjA, 1 — A| such 

c * c 4 ^ p * p J 


that 


m 


+ (1 — A’'")+ + 3e < p < m 


m 


(1-A-)+-4£. 


p 


p 
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Then, for |s — s°| < 6 and t — > 26, estimate fIMl) with |/3| = 0 implies 


\T 4 {x,y,t,s)-T 4 {x,y;t,s°)\ < / \dr%{x,y;t,T)\dT 


< 


X 


l^r 5 


{t — s)" 2 ^ \y'\f^ t — s 


{t 




exp 

n. 


a\x — y\‘ 
t — s 
(A--l)--l/, N2 


y,t-s 


\t-sf 




\x'\ li/'P r; 


Combining this estimate with fH5|) . we get 
\Ti{x,y,t,s) - 71(a:, 2 /; t, s°) I 
< C-^- 5 - - -exp 


(t 


n+2 —2£^ 


+£ 


j>e-\-3£^ j>£ 


y 


+c 


^(A —1)_—£ I /i^ 

e >^x,t-s '^y,t-s 1-^ I 

(t — s)"^2 |^/|/i+3£ ^£+2£2 ^4£ 


exp 


£(T|a; — j/p 
t — s 

ea\x — I/p 
t — s 


(47) 


The summands in the right-hand side of (H711 satisfy the conditions of Propo¬ 
sition |5] with H = e and 

with r = 2e^, Ai = —(1 — A+)+ — 2e:(l -|- e), A 2 = —(1 — A“)+, £1 = e:(l -f- 3e), 
£2 = and p replaced hy fi + for the first summand; 
with r = 3e, Ai = —(1 — A+)+ — 5e, A 2 = —(1 — A“)+ — e, ei = e:(l -f 2£), 
£2 = 4^ and /i replaced hj y. + 3e for the second summand, respectively. 

Applying Proposition [5l we obtain the second condition in [U Theorem 
3.8], while Lemma [2] for q = p gives the hrst condition in this theorem. 
Therefore, Theorem 3.8 [Tj ensures that the operators 7^ are bounded in 
Lp^q{W^ X M) for any 1 < g < p < 00 . For q > p the statement follows by 
duality arguments. □ 


Now we are in position to prove the main result of our paper. 


Proof of Theorem [2]. The estimate of the last terms in the left-hand 
sides of ffTHjl and fllTll is equivalent to the boundedness of integral operators 
with kernels 


\x' 


.ily. 


D,^D,^r-^{x,y,t,s) 


\y'\ 
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in Lp^q{W^ X M) and Lp^g{W^ x M), respectively. The first statement follows 
from Lemma [2] and Theorem [31 the second one - form Lemma [3] and Theorem 
131 The hrst terms in flT3]) and in flT7|) are estimated by using equation ([T]), 
and Theorem follows. 


4 Appendix 

Lemma 4. Let (p be a function on M+ such that 

10(01 <A|C| for all CeM+. 
Let Qi, p 2 > 0, xi > 0(pi), Hi G M, a, 6, c > 0. Then 

OO 

^i + ICI ^1 + KI 


^1 + ^2 + ICk 


Q2 


(48) 


XI 


X exp I^ < c 

02 J 02 ^01 + \Xl\ 

Pi + Oil + Oily-': 


X 


+ ^2 + Oil 


02 


Pi + 0l I \ -(a+c+£-l)+ ^ + ^2 + 0l I j “™{^4-c} 


+ ^2 + Oil 


if c > 1; 
if c < 1. 


02 


Here e is arbitrary small positive number while C may depend on a, b, c, A 
and e. 

Proof. Case 1: Xi > 2Api. Then pi + 0| x C“0(^i) for C ^ cind integral 
is estimated by 


C 


Xl 


< c 


01 + ICI 
Pi + P2 + ICI ^ C 




-«/p2\'= f |C-2/lP^ dC 

— 1 exp 


02 / 02 




Q2 


< C 


xiyi-c-e)- ^ 


02 - 


02 2 
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which gives fHHjl in the case 1. 

Case 2: Xi < 2Agi is divided into two subcases. 

Subcase 2.1: gi < g 2 . Then we split the interval (a;i,oo) into two parts. 
The integral over (2Api, cxo) is estimated in the same way as in the case 1. 
Further, the integral over {xi,2Agi) is estimated by 


2Aei 


C 


X 




Qi + Q2 


Qi 


Q2 ydC 


^<c 




3Agi 

Q2 


Qi 

iQ2 




C-0(pi)/ VC-0(pi)/ P2 + 

^1 \ / ^'1 \ fXi- 0(pi) \ (1-6-c-e)- 


Qi + Q 2 I ^Q2 


Ql 


^1 ) 

Q2 


which gives (HHj) in the subcase 2.1. 

Subcase 2.2: gi > P 2 - Then gi + x + p 2 + |CI for C ^ and the 
integral is estimated by 


C 


Xl 


f 1 01 + \c\ ^ 

iV 1 

1 exp j 

( 1C-dll 

1 \C-(j){0l)l 

vc-0(pi)^ 

1 01 


< C 




-4>{Q^) 

Q2 


Q2 J Vp2 


X 


(_/ 


02 


01 


02 


which gives (H8l) in the subcase 2.2. 

Lemma 5. Let d eN, gi, P 2 > 0 and a, b > —d, a + b > —d. Then 


□ 


exp - 


X — z 


exp ( — 


<C 


01 

d-i-b_ d-i-a_ 

exp 


02 

_ jx - yj^ 

(01 + 02) ~ '' ^1 + ^2 

where C may depend on a and b. 


Z\ + yfWl^ 


" ^2 " 


dC 


(49) 
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Proof, (i) The case a, 6 > 0 is well known. 

(ii) Let a, 6 < 0. Without loss of generality we can assume that qi > Q 2 . 
Then the integral over the set {\z\ > in is estimated by 

\x-z\^\ f \y-z\^\( 


exp I — 


^>1 


exp 


Q2 




dz. 


The last expression does not exceed the right-hand side of 
Since 

|2 ^ + ^2 I |2 I + ^?2 I |2 


by (i). 


\x-y\ < 


\x — z\ + 


Ql ^?2 

the integral over the set {| 2 :| < is estimated by 

k - 1/P 


\y-z\ , 


Cexp - 


- 


Ql + Q2 '' J ^y/^^ 

|2|<V^ 


dd—y 


dz 


< Cexp - 


k - y? 


Q 2 


d-\-a 

2 


^?l + ^*2 y (pi + P2 ) 2 
The last expression also does not exceed the right-hand side of 
(iii) The remaining cases can be easily reduced to the case (ii). 


□ 


We formulate two auxiliary results on estimates of integral operators. The 
first statement is proved in [3 Lemmas A.l and A.3 and Remark A.2] for 
£1 = £2 = 0, see also m Lemmas 2.1 and 2.2]. In general case the proof 
runs in the same way by using [H Lemma A.3]. 

Proposition 4. Let 1 < p < 00 , cr > 0, 0 < r < 2, 0 < £1 < d, 0 < £2 < 
1 — Ai -|- A 2 > —m, and let 

- Xi < fi < m -I-A 2 . (50) 

p p 

Suppose also that the kernel T{x,y;t, s) satisfies the inequality 


\T{x,y-t,s)\ < C 




\X' 




. > n+2 — I I 

[t-s) 2 \y)^^r 


/yi^2 

• V 


exp 


^a\x^-y^ 


for t > s. Then the integral operator T is bounded in Lp{W^ x M) and in 

Lp^^{W^ X M). 
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The next proposition is |8l Lemma A.4], 

Proposition 5. Let 1 < p < oo, cr > 0, x > 0, 0 < r < 2, 0 < £1 < 

0 < £2 < 1 — + A2 > —m and let p he subject to fl50|l . Also let the kernel 

T{x,y,t, s) satisfy the inequality 


rx-rp Ai+r'7pA2 |™/|/i-r 

\T{x,y]t,s)\<C ^ ^ 


n+2—r 


+X 


\y'\^^rtfry^ 


exp 


a\x — y'f 


(t-s)- 

for x,y E 1C and t > s + 6. Then for any > 0 the norm of the operator 
T : Lp,i(M”x (s°-(5,s° + (5)) ^ Lp,i(M’"x (s° + 25,cx))) 
does not exceed a constant C independent of 6 and s°. 
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